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ABSTRACT 
Hethods for reliably computing the maximum bending moment of a ship hull 
girder depend on the knowledge of the nonlinear behavior of the component 
structural elements. To be practically efficient, definition of this behavior 
should be in the form of compact algorithms (analytical computational models) 
rather than separate large computer programs. 
Analytical computational models were developed for the axial load vs. 
axial deformation relationship of single plates and of stiffened plates 
(longitudinal stiffeners with tributary plates). Both models were developed 
by using multi-variable regression analysis of the load-deformation curves 
available from tests, published in literature, or computed specifically for • 
this study by using large computer programs. These models are applicable to 
the pre- and post-ultimate ranges of deformation. Typical practical values of 
initial imperfections and of r~sidual stresses were incorporated into the 
models. 
The models are presented in the form of sets (matrices) of constants 
which, for a particular combination of material and geometric properties, are 
reduced to expressions which give the axial stress as a continuous analytical 
function of the axial deformation (strain). The input parameters for the 
plate model are: length, width, thickness, yield stress, and modulus of elas-
ticity. The input parameters for the stiffened plate are: length, plate 
width, plate thickness, stiffener area, stiffener flange area, radius of gyra-
tion o.f the combined section, modulus of elasticity, yield stresses of plate, 
stiffener web, and stiffener flange. Standard deviation with respect to the 
data used in the development of the models is 8.1% for plates and 7.8% for 
stiffened plates. · 
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1. INTRODUCTION 
Determination of the ultimate strength of a ship hull cross section (top 
sketch of Fig. 1) requires knowledge of the nonlinear. behavior of the in-
dividual component elements, such as plates and stiffeners (bottom sketch of 
Fig. 1 ). Previous research work conducted on such structural elements has 
resulted mainly in solutions for some particular cases by using complicated 
computer programs or in experimentally obtained load-deformation plots 
[1, 15, 16, 26, 34, 40]. Incorporation of these results into the analysis of 
ship hull girders requires detailed preparation of the data and can be used 
only as a research tool rather than a design procedure [3, 35, 41 ]. However, 
the use of some computer programs for the ultimate strength analysis of ship 
hull girders (for example, FLEXM-program [2], [36], and [42]) could be readily 
. made more practical for design applications if the behavior of the individual 
components could be described .by simple algorithms. 
The purpose of this study was to develop such simple algorithms in the 
form of analytical models for individual plates and for longitudinally stif-
fened plates (stiffener-plate combination). These models provide accurate, as 
well as, simple formulations of the load-shortening relationship in the 
pre- and post-ultimate ranges for various geometrical configurations and 
material properties. 
The formulations were achieved through multi-variable regression analysis 
of the available theoretical and experimental results for the stress vs. 
strain behavior of plates and stiffened plate~. 
The following previous numerical work on the complete load-shortening be-
havior of plates, i.e., covering pre- and post-ultimate ranges, was utilized: 
[ 6, 7, 8, 1 0, 1 7, 1 8, 27, 28, 31 , 32]. Experimental work on the plate be-
havior was also included although most of it has been mainly to define the ul-
timate capacity [4, 5, 11, 48], with only a few tests providing deformation 
measurements in the post-ultimate range [32]. 
480.6 
Very limited amount of work had been conducted on stiffened plates and 
the available theoretical and experimental results were not sufficient for the 
present study ( [13], [19], [20], [21], [25], [22], [23], [33], [38], [41], 
[42], and [47]). It was necessary, therefore, to generate much new infor-
mation by using two available computer programs [38, 42]. 
In summary, 94 load-shortening curves were used for plates with the 
stress-strain values of 1059 data points and 68 load-shortening curves for 
stiffened plates with 2115 data points. In the comparison of the models with 
the data points, the standard deviation for plates was 8.1% and for stiffened 
plates 7 .8%. · 
2 
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2. PLATE MODEL 
2. 1 Background 
In order to develop a procedure for defining the load-shortening 
relationship for rectangular plates with various geometrical configurations 
and material properties it was necessary to study the effect of various 
parameters. Analytical and experimental work has shown that the following 
factors affect the load-shortening behavior of rectangular plates under 
uniaxial compression (see.also Fig. 2): 
- boundary conditions 
- aspect ratio (A=a/b) 
- properties of material (modulus of elasticity E and yield stress SY) 
- width-to-thickness ratio (b/t) 
- initial imperfections (maximum initial deflection W0 ) 
- residual stresses (tensile residual stress Srt and compressive 
residual stress Src) 
Some of these factors,such as the boundary conditions, are not exactly known 
or cannot be measured quantitatively. The assumptions made in the analysis 
attempt to appro~imate the actual boundary conditions as described below. 
2.1.1 Boundary Conditions at Unloaded Edges 
A. Rotational restraint 
The degree of rotational restraint for the unloaded edges of real plates 
is intermediate between fixed and simply supported. In most of the previous 
research, the unloaded edges had been assumed to be simply supported 
[ 8, 9 , 1 0, 1 7 , 27 J • This is a conservative assumption for real plates. 
However, results from experiments show that full rotational restraint in-
creases the strength by,only about 10% [32, 44]. Therefore, a modification to 
compensate for the additional restraint of intermediate cases in comparison 
with simple supports is not warranted. 
3 
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B. lnplane restraint 
The inplane deformation of the unloaded edges can be either restrained or 
unrestrained. The increase of the ultimate capacity of the plates due to the 
restraint depends on the slenderness and initial imperfections. For stocky 
plates (low b/t ratio), the effect is significant in plates with small initial 
imperfections. This has been observed in plates with no initial imperfections 
[8] or small initial imperfections [18] in which the increase was about 10%. 
As the initial imperfections increase, the effect becomes less significant 
[ 17] 0 
For slender plates, on the other hand, the strengthening effect of the 
inplane restraint increases as the initial imperfections increase. For small 
and· large imperfections, the strengthening effect is between 5 and 15%. 
This complex relationship can be explained as follows. In stocky plates 
with small initial imperfections, the edge restraint causes compressive 
stresses at the unloaded edges. This results in biaxial compressive stresses 
which reduce the equivalent stress and hence delay the onset of yielding. As 
the ~nitial imperfections increase, the compressive stresses at the unloaded 
edges decrease and, thus, reduce the·strengthening effect. As the slenderness 
increases, the strengthening effect is also reduced. This occurs because·the 
compressive stresses at the unloaded edges due to the restraint reduce the 
buckling stress. For slender plates with large initial imperfections, the 
edge restraint induces tensile stresses at the unloaded edges which restrain 
the out-of-plane deformation and lead to an increase of the ultimate strength. 
For the plates considered, the initial imperfections are of average mag-
nitude. In this case, the strengthening effect is expected to be less than 
7%. Since ~n steel plated str~ctures, the adjacent plates and the stiffeners 
between them force the edges of the plates to remain straight, it is reason-
able to assume the unloaded edges to be simply supported rotationally and free 
to move in plane ·but to remain straight [8, 28, 44]. Such, so-called con-
4 
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strained, edges behave somewhere between restrained ·and unrestrained edges. 
The diff~rence in the behavior between the plates with restrained and con-
strained edges and having initial im~erfections is smaller than the values 
quoted above, and therefore, may be neglected. 
2.1.2 Boundary Conditions at Loaded Edges 
For the loaded edges, rotational restraint increases the stiffness of the 
plate mainly by increasing the buckling stress. The effect decreases as the 
plate becomes longer [45]~ Likewise, the effect becomes less significant as 
the plate becomes stockier. The rotational restraint does not significantly 
change the ultimate strength of the plate; moreover, in real situations the 
degree of restraint is intermediate between fixed and simply supported. 
Therefore, it is conunonly and conservatively accepted that the loaded edges 
may be modelled to be simply supported [31, 44]. 
2.2 Functional Parameters 
In order to simplify the analytical procedure, it was necessary to select 
proper expressions for the variables and possibly to combine them. Thus, for 
example, the material properties were combined with the width-to-thickness 
ratio to define the nondimensional slenderness ratio B: 
or 
B = (a/t) Vsy/E 
B = (b/t)Vs /E y 
for ( a/b)~1 (wide plates) (2. 1 ) 
for (a/b)>1 (long plates) (2 .2) 
Also, since the magnitudes of the initial imperfections and residual stresses 
are beyond control of the designers as they depend on the fabrication and con-
struction procedure (e.g., welding procedure for welded plates), it was neces-
sary to set the values .of initial imperfections and residual stresses to prac-
tical levels which are typical for ship structures. 
5 
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2.2.1 Initial Imperfections 
Initial imperfections generally decrease the stiffness and the ultimate 
strength of rectangular plates [6, 10, 17, 28] and the shape of initial imper-
fections is usually assumed to be the same as for the buckling mode 
[10, 12, 31, 39, 44]. Although the magnitude of initial imperfections in 
real structures may vary, some average values observed in practical design 
have been proposed for use in analysis [8, 9, 10, 44]. Also, since initial 
imperfections have been found to be related to b/t [8] or, more commonly, to 
B2 [9, 10, 17, 43], the following average value was selected for this study: 
(2. 3) 
where w0 is the initial deflection W0 nondimensionalized with respect to the 
plate thickness t. 
2.2.2 Residual Stresses 
Residual stresses have a detrimental effect on the stiffness and strength 
of rectangular plates [6, 17, 28]. The effect is most significant in the pre-
ultimate range. An idealized but typical distribution of residual stresses 
across the plate width due to welding is shown in Fig. 3. Th~ magnitude of 
the tensile residual stress, Srt' is approximately equal to the yield stress, 
Sy. The width of the tensile residual stress determines the magnitude of the 
compressive residual stress in the middle portion since the stresses must be 
in equilibrium. The nondimensionalized form of the compressive residual 
stress is the variable S~. 
(2 .4) 
where nt is the width of the tensile residual stress at the edge of the plate. 
Commonly, the value of n is between 3 to 4.5 [44]. The following formula was 
accepted to give the average values of compressive residual stress for the 
plate model of this study: 
6 
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S' = 6/(25B-6). r (2. 5) 
The values given by this equation correspond to n=3.5 in Eq.(2.4) and are 
close to the values used in Ref. [9]. 
Unfortunately, the values of initial imperfection Wo and residual stress 
Src for which information is available from tests and publications were not 
necessarily equal to the values according to Eqs. (2.3) and (2.5), and, thus, 
it was necessary to perform extrapolation and interpolation in order to 
generate the data usable for regression analysis. 
2.3 Coordinate Functions for Plates 
With the imperfection and· residual stress preset as explained above, the 
load-shortening relationship is defined only by the aspect ratio A, slender-
ness ratio B, and strain e . To establish the functional relationship among 
these variables a multi-variable regression analysis was performed and coor-
dinate functions for these independent variables were selected. The objective 
was to determine a coordinate function containing the smallest number of terms 
for a particular variable, yet giving adequately accurate values of the stress 
while all other variables were kept constant. A series of trials were per-
formed using all. available theoretical and experimental .results and the fol-
lowing coordinate functions were selected. 
2.3.1 Effect of Aspect Ratio A 
The aspect ratio affects the stiffness as well as the ultimate strength 
of rectangular plates. For wide plates, Ai1.0, the effect of aspect ratio is 
very significant so that in some cases the plate stiffness is affected more 
strongly by the aspect ratio rather than by initial imperfections [28]. As A 
decreases from unity, the plate behaves more-and-more like a colu..'lln as its 
axial behavior is less-and-less affected by the unloaded edges. This 
relationship can be expressed by choosing an appropriate coordinate function. 
7 
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A parametric study [17] has shown that a suitable coordinate function for 
the aspect ratio is a parabolic polynomial. Then, for a given set of B ande, 
the stress as a function of A is defined by 
(2.6) 
where a1 , a2 , and a3 are the coefficients which are functions of Band E only. 
For long plates, A>1.0, the postultimate behavior is similar to the be-
havior of square plates and it has been suggested that the load-shortening be-
havior of square plates be used [9, 17, 41, 44]. Thus, the model for wide and 
long plates is simplified to the consideration of wide plates only (Ai1.0). 
2.}.2 Effect of Slenderness Ratio B 
The effect of slenderness ratio was approximated by a two term reciprocal 
polynomial of B. 
(2. 7) 
where b1 and b2 are ~he coefficients which are functions of A arid c. This ex-
pression is similar to the equation 2.25/B - 1 .25/B2used by the U. S~ Navy 
[46] or the equation 2/B- 1\/B2 recommended by Faulkner [14]. 
2.3.3 Effect of Strain e 
For the strain range considered (0.0<£~3.0ty), three different load-
shortening curves were needed (see Fig. 4). For small strains, the load-
shortening curve was taken to be linear. When the stress approaches the_ buck-
ling and/or plastic range, the curve starts deviating from the straight line, 
and the load-shortening curve was approximated by a four term series with two 
separate ranges. To avoid repetition, these functions and their limits are 
discussed below i~ Section 2~4. 
8 
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2.4 Procedure for Application and Ranges of Validity 
In summary, the following proced~re has evolved for computing the load-
deformation behavior of rectangular plates. 
The parameters, in their nondimensionalized forms, and their limits of 
application are: 
or 
e =E./E. y 
A = a/b 
B = (b/t)Vsy/E 
for (a/b)~1.0 
for (a/b)>1 .0 
where 
A is the aspect ratio 
B is the slenderness ratio 
- e is the total relative axial strain 
- s is the average relative stress 
with the following 
9 
(2.8) 
(wide plates) 
(long plates) 
480.6 
Ranges of Validity: 
- 0.3~A~1 .0; for long plates, A=1.0 
- 1.0<B<3.5; this means, for example, for Sy=350 MPa (50 ksi), 24~(a/t 
or b/t)~110 
The nondimensional stress-strain relationship is given by Sqs. (2.10) to 
(2.14) shown below in two ranges: (a) e~1.0 and (b) e>1 .0. Coefficients d1 to 
d4 in these equations are functions of the aspect ratio A and the slenderness 
ratio B, as defined by Eq.(2.15). The procedure of using all these equations 
and their limits is illustrated in Fig. 4 and in the example of Section 5.1. 
~ for e<1 .0: 
For .e<e0 , where e 0 is obtained from 
e0 = (0.117 AB)/(1+0.15B) (2. 9) 
the relationship is a straight line 
(2.10) 
where constant d0 is given by 
(2.11) 
but it should not exceed 1.0, 
d~ 1.0 (2. 12) 
For e>e0 , 
10 
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use Eq. ( 2. 1 0) or 
(2. 13) 
whichever results in a smaller value of s • 
.El for e>1 .0: 
(2.14) 
Coefficients d1 , d2 , d3 and d4 for Eqs. (2.11 ), (2.13) and (2.14) are obtained 
from 
1/B 
d1 A/B 
d2 = cP A
2/B (2.15) 
d3 1 /B2 
d4 A/B2 
(A/B) 2 
where matrix Cp is 
1.87047 -8.29395 6.43772 -2.30871 10.7806 -8.56366 
-2.64158 12.2198 -9.15021 2.86624 -12.1271 8.83120 
c = p 
-0.70829 5.16043 -2.73789 1.17787 -6.94390 4.95664 
1.07310 -3.67336 1.44893 0.63884 0.53692 0.48398 
(2.16) 
A numerical example of applying this procedure is given in Section 5.1. 
11 
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3. STIFFENED.PLATE 
3.1 Background and Assumptions 
The load-shortening behavior of a plate reinforced with transverse and 
longitudinal stiffeners (a grillage) is much more complicated than the be-
havior of a single plate. The principal modes of failure of such stiffened 
plates under axial loads are the flexural and tripping failure between the 
transverses and the overall grillage failure. The occurrence of one or the 
other mode is controlled by the particular combination of the geometrical and 
material properties. When the transverses are adequately strong, the overall 
grillage mode of failure indicated in Fig. 5 will be inhibited. The tripping 
mode is eliminated when the longitudinals have sufficient torsional rigidity. 
Theri, the flexural mode between the transverses becomes the controlling one 
and it is shown in Fig. 6. The longi tudinals are continuous over the tra-
nsverses, and their axial behavior can be represented by the response of a 
single beam-column consisting of a longitudinal stiffener and a plate of the 
width equal to the spacing of the longitudinals (see Figs. 1, 6, and 7). To 
obtain an analytical model for the load-shortening relationship for such stif-
fened plates, a direct multi-variable regression analysis was applied to com-
puter generated data and to a few theoretical and experimental results avail-
able in literature. 
The following parameters influence the load-shortening behavior of lon-
gitudinally stiffened plates (the terms are defined in NOf.iENCLATURE and in 
figures): 
- Dimensions and material properties of plate (b, t, E and Sy) 
- Dimensions and material properties of stiffeners (bw, tw' Syw, Ew, 
bf, tf, Syf and Ef) 
- Panel l.ength (a) 
- Initial imperfections (w0 for plate, w0 s for stiffener) 
- Residual stre~ses (Sr) 
12 
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- Boundary conditions 
Previous studies have shown that individual parameters have different ef-
fect on the behavior of stiffened plates. For example, the slenderness ratio 
of the plate and the slenderness of the stiffened plate affect the behavior of 
stiffened plates significantly whereas the ratio of the area of the stiffener 
to the area of the plate and the ratio of the area of the flange to the area 
of the total stiffener were found to have only moderate effect [13, 30, 44]. 
Residual stresses in the plate tend to reduce the plate strength although this 
reduction becomes less important for large slenderness ratios. Initial imper-
fections of the stiffener also have a reducing effect on the strength of the 
stiffened plate. Generally, the deflected shapes of two adjacent panels are 
opposite to each other, and one is larger than the other as shown in Fig. 6 • 
. The maximum amplitude of initial imperfection of the stiffener in ship struc-
tures has been found to be directly related to the panel length [ 41 , 44]. 
Not all of the above listed parameters are under the control of a desig-
ner and thus, some values have to be assumed on the basis of observations and 
parametrical studies. Specifically, this applies to the values of residual 
stresses and initial imperfections which consequently had to be incorporated 
into the analytical model. The following conditions were assumed: 
1. Residual stresses for the plate are the same as the average value used 
for the plate element model. 
2. The shape of the initial deformation of the stiffener is as shown in 
Fig. 6 with the magnitude of the maximum initial deformation set to be 
[44 J 
(3. 1 ) 
Experimental and computed data taken from literature were adjusted by 
inter- or extrapolation to conform to these assumptions. 
13 
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3.2 Functional Parameters 
For the convenience of operations in the development of the stiffened 
plate models, all other parameters besides the residual stresses and initial 
imperfections were combined into the following nondimensional functional 
parameters: 
-Slenderness ratio of plate B [the same as Eq.(2.2)], 
B = (b/t)1(Sy y~ 
-Slenderness ratio of stiffened plate L (Panel slenderness), 
L = a/r 
where r is the radius of gyration of the stiffened plate (cross sec-
tion of the beam-column) with respect to its minor axis of bending 
- Effective stiffener-to-plate area ratio R, 
- Effective flange-to-stiffener area ratio G, 
(3.2) 
(3. 3) 
(3. 5) 
The final load-shortening relationship is presented in the nondimensionalized 
form as a function of s vs. e. 
s = f( B, L, R, G, e) (3.6) 
where 
(3. 7) 
14 
e =cIt y 
in which 
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P is the compressive force acting on the stiffened plate 
·and 
is the yield strain of plate 
· 3.3 Coordinate Functions and Ranges of Validity 
3.3.1 Ranges of Validity 
(3 .8) 
(3.9) 
(3.10) 
The functional relationship of the load-shortening behavior Eq.(3.6) was 
developed to be valid for the following ranges of parameters: 
B Plate slenderness 1.0<B<4.0 
L Panel slenderness 20<1<120 
R Stiffener--to-plate area ratio 0.2~R~0.5 
L· Flange-to-stiffener area ratio O.O<G<0.6 
e Relative strain O.O<e<2.0 
3.3.2 Coordinate Functions for Stiffened Plates 
The coordinate functions for the individual parameters (B, L, R, G, and 
e) are described next. 
When, for example, parameters L, R, G , as well as the strain e are kept con-
stant, s becomes a function of B only. This function was selected to be 
15 
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(3 .11) 
where a; and a2 are functions of the preset values of 1, R, G and e, and 
the coordinate function for B is defined by 
Then, in a matrix form, Eq.(3.11) becomes 
s = [1/B 1/B1·5J or s = [a1 F T B 
(3. 12) 
(3. 13) 
In a similar manner, a coordinate function (a matrix) can be defined for 
each of the other parameters. For example, 
b' 1 
s = [1 13] or s = [bi b2] F T 1 (3. 14) 
b' 
. 2 
in which bi and b2 are constant for particular values of B, R, G, and e, and 
[1 13] is the coordinate function for L, F1 • 
In summary, the coordinate functions for B, L, R and G used in the 
.proposed procedure are: 
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F = B [1/B 1 /B 1. 5] 
FL = [1 13] 
FR = [1 R] (3. 1 5) 
FG = [1 G] 
Whereas these coordinate functions are valid over the whole ranges stated 
above, the coordinate function for e has three separate ranges depending on 
the value of e. 
With the limitation that s should not be greater than e, the general form 
of the effect of e on s is given by 
d1 
s = Fe d2 = F D (3. 16) e 
d3 
d4 
where d1 , d2 , d3 , and d4 are constant for a specific set of values of B, L, R 
and G, and Fe is the coordinate function for e. 
(3. 17) 
where the elements of Fe with their limits of applicability are 
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f 1(e) = e for O~e.s_0.9 
or = 0.625(e+0.1 )(4.3-3e) "+ 0.275 for e>0.9 
f 2(e) = e for O<e<O. 7 
or = (e+0.3)(e+0.3)-3·5_ 0.3 for e>0.7 
(3.18) 
f 3(e) = e for O<e<O. 7 
or = 0.5 ( e+O. 3 ) ( 16-20e) + 0.7 for e>0.7 
f 4(e) = e/(1 +0.4e
2 ) 
These individual functions of the coordinate function for e, Fe, are plotted 
in Fig. 8 to illustrate their nature. 
Values of di are given as functions of B, L, R, and G by 
D = 
where [cs] is a (4x16) matrix of constants, and 
[FB F1 FR FG ]T=FT is the transpose of the direct product of the respective 
coordinate functions and it contains a total of sixteen terms, i.e., 
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(3.20) 
·The values of the ele~nts of matrix [c6 ] are given by Eq.(3.21) on page 20. 
19 
-234.335 166.672 0.0008340 -0.0004976 -2343.24 5053.5~ 0.0019191 -0.0037051 
6822.83 -7175-.06 -0.0052190 0.0053913 -908.406 -92.7695 0.0102432 -0.0122688 
[cs] = 10-3 
-1940.62 1917.41 0.0008461 -0.0006338 2447.16 -1587.16 -0.001010 0.0006196 
1\) 
0 
-2908.45 4460.35 0.0040250 -0.0048440 3568.32 -6483.14 -0.012215 0.0167669 ~ ro 
0 
. 
0"1 
1543.52 -1847.80 0.0034061 -0.0034378 6668.39 -9476.53 -0.0120538 0.0143628 
-8236.79 9001.32 0.0034950 -0.0033679 5789.89 -3320.69 -0.0099262 0.0131386 
1818.92 -1959.78 0.0024073 -0.0025474 -3440.76 2580.61 -0.0066221 0.0071445 
5266.39 -5629.18 -0.0097943 0.0098261 -9583.80 10832.8 0.0308281 -0.0371829 
1\) 
_.. 
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3.4 Procedure for Application 
The· general procedure for the application of the above formulation is 
summarized next. As the first step, the elements of F [Eq.(3.20)] are com-
puted for the given values of B, L, R, and G which define the geometry and 
material of the stiffened plate. Then, matrix D [Eq.(3.19)] is computed. The 
relationship for s vs. e is then given by 
d1 
s = Fe d2 = Fe D (3.22) 
d3 
d4 
where the coordinate function Fe is defined by the component functions given 
in Eq.(3.18). However, s should not be greater thane 
s < e (3.23) 
A numerical example of applying this procedure is given in Section 5.2. 
21 
480.6 
4. GRILLAGES 
4.1 Definitions 
The word grillage in the context of this presentation signifies a plate 
stiffened both in the longitudinal and transverse directions with respect to 
the direction of axial loading as shown in Figs. 5 and 6. A grillage may be 
subjected to longitudinal and/or transverse in-plane loading, as well as, to 
normal pressure such as in ship bottom plating. As mentioned at the beginning 
of Chapter 3, two basic modes of failure limit the ultimate capacity of a 
grillage: the overall grillage mode when the whole assembly of the transverse 
and longitudinal stiffeners moves out together with the plate (Fig. 5), and 
the panel mode which occurs when the longitudinals and the plate move out be-
tween the transverses (Fig. 6). 
4.2 Previous Research 
Linearly elastic large deformation analysis has been performed on gril-
lages, for example, by Mansour who treated the grillage as an orthotropic 
plate [29]. Although in such an approa_ch the postbuckling behavior of the 
plate can be approximately taken into consideration by means of the effective 
width_, the limit on the capacity can be set only by the occurrence of first 
yielding, and thus, the postultimate range cannot be analyzed. It appears 
that the only method which allows both the- overall grillage and the ·panel 
modes and considers the pre- and postul timate ranges is the one proposed in 
Reference [37]. The computer program developed for this method gave reason-
ably good correlation with the results of grillage tests, for example, [40]. 
Unfortunately, in all these tests, the panel mode of failure was controlling. 
Actually, there ap-pears to be not a single test available in which the ul-
timate load was definitely reached by the overall grillage mode. Thus, the 
* accuracy of the computer program has not been properly checked for this mode. 
* Tests 
buckling) 
attention 
on grillages with stocky plates (low b/t, and thus, no plate 
which failed in ·the grillage mode, have come only recently to our 
and have·not yet been analyzed [24]. 
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On the other hand, the panel mode of failure which actually is the failure of 
a longitudinally stiffened plate has been investigated much more extensively, 
theoretically as well as experimentally [13, 25, 38, 40, 41]. 
4.3 Present Study 
A parametric study of the overall grillage mode of failure would require 
generation of a considerable amount of data by computer in order to arrive at 
optimal coordinate functions for all the variables involved. (For example, 
the minimum of parameters.in addition to those used for stiffened plates are: 
total length, material and dimensional data for transverses, support con-
ditions for transverses, and the number of longi tud inals). This task could 
not be fitted within the scope .of the present project. However, the panel 
mode of failure in which the longitudinals fail between the transverses with 
the transverses remaining essentially straight, is nothing else but the 
failure of longitudinally stiffened plates and the analytical model for this 
case is presented in Chapter 3. 
The question still remains open as to what requirements must be satisfied 
by the transverses in order to induce the panel rather than the grillage mode 
of failure. However, the present design rules, e.g., [46], apparently result 
in adequate transverses when applied to traditional structures. This conten-
tion is supported by the tests on grillages which conformed in their relative 
scantlings to typical ship hull structures and did not fail in the grillage 
mode [40 ]. 
4.4 Recommendations for Grillages 
The recommendation with respect to grillages is that, provided that the 
transverses are adequately strong, the model developed for longitudinally 
stiffened plates (Procedure of Section 3.4 and the exrmple of Section 5.2) 
also be used for grillages. 
It is also recommended that experimental research be conducted on the 
overall grillage mode of failure in order to develop an analytical model for 
this mode and to· establish the limiting requirements for the transverses. 
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5. EXAMPLES OF APPLICATION 
Application of the procedures presented in Sections 2.4 and 3.4 for 
generating the effective stress-strain relationships for plates and stiffened 
plates (panels) is illustrated here with numerical examples. The ranges of 
the parameters for which these procedures were developed are stated on page 
9 for plates (Section 2.4) and on page 16 for stiffened plates (Section 3.3). 
5.1 Plate Element Model 
Given: A long plate with: 
Length a=32 in., width b=15 in., thickness t=0.25 in., Sy=32.22 ksi and 
E=29000 ksi. 
Since this is a long plate (a=32 in.)>(b=15 in.), use aspect ratio 
A= 1.00 (see pages 8 and 9), and compute B from Eq.(2.2) 
B = (b/t)VS/E = (15/0.25)\(32.22/29000) = 2.00 
Coordinate function for A: 
FA= (1 A A2] = (1 1 1] 
Coordinate function for B: 
FB = [1/B 1/B2] = [0.5 0.25] 
Product coordinate function of A and 'B: FAB = FAFB 
FAB = [1/B A/B A2/B 1/Bf A/B2 (A/B)2] = 
= [0.5 0.5 0.5 0.25 0.25 0.25] 
Obtain the coefficients of D by using Eq.(2.15): {D} = [cp] FAB"! 
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d1 -0.01582 
d2 0.10660 
D = = 
d3 0.65480 
d4 -0.16070 
Compute e0 from Eq.(2.9): 
e0 = (0.117)(1.00)(2.00)/!1.0+0.15(2.0)} = 0.18 
Coefficients di are multiplied by the coordinate function Fe as given by 
Eq.(2.13) or (2.14), unless the value of e is less than e0 • 
For example, for e=0.15, since (e=0.15)<(e0 =0.18), use Eq.(2.11 ): d0 =0.635, 
then, Eq.(2.10) gives the nondimensionalized stress s = 0.635(0.15) =0.095. 
For e=0.72, since (e=0.72)>(e0 =0.18), use Eq.(2.13): s = 0.421. 
The complete stress-strain diagram of s vs. e for this example is shown in 
Fig. 9. 
5.2 Stiffened Plate 
Given: 
Length a=58.5 in., plate width b=15.0 in., plate thickness t=0.2604 in., 
depth of stiffener dw=2.92 in., thickness of stiffener web tw=0.168 in., width 
of stiffener flange bf=3.93 in., thickness of stiffener flange_ tf=0.203 in., 
E=29100 ksi, yield stress of plate Sy=39.7 ksi, 
yield stress of stiffener web Syw=37.5 ksi, yield stress of stiffener flange 
s f=40.0 ksi y . 
Compute nondimensionalized parameters: 
From Eq.(3.2): B =2.1132 
F~om Eq.(3.3): 1=48.851 
From Eq.(3.4): R=0.3195 
From Eq.(3.5): G=0.6039 
Compute the direct product of [.FBFLFRFG] = F from Eq. (3 .20), 
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F=[0.473 0.326 55167 37950 0.151 0.104 17624 12124 
0.286 0.197 33315 22918 0.091 0.063 10643 7322] 
Obtain coefficients D = [c 5 ] FT, from Eq.(3.19): 
D = = 
0.2341 
0.4600 
-0.0908j' 
0.1256 
Then, the stress is given as a function of the strain according to 
Eq. (3.22). 
For example, for e= 0.5, 
s = d1 f1 (0.5) +d2f2(o.5) + d3f3 (o.s) + d4 f4 (0.5) 
= 0.2341 (0.5) + 0.4600(0.5) - 0.0908(0.5) + 0.1256(0.445) 
= 0.358 
The complete relationship between s and e- for this example is shown in 
Fig. 10. 
26 
. . 
480.6 
6. COMPARISON WITH TEST RESULTS 
In order to illustrate the validity of the proposed analytical models, a 
comparison with some available test results is presented here. However, the 
comparison is subject to careful interpretation since the test specimens had 
initial imperfections and residual stresses with values which often were quite 
different (or unknown) from the specific values which were used in the 
development of the models. 
6.1 Plates 
Most of the tests conducted on wide plates were to find the ultimate 
strength rather than the comple~e stress-strain relationship. Figure 11 is a 
comparison with the test conducted by Collier [4] for Specimen HTS (E=31300 
ksi and Sy=66.2 ksi) with .aspect ratio A = 0.3636 and slenderness ratio 
B = 1.109 (a/t=32). The ultimate strength is slightly higher than the 
predicted value due to the fact that one of the loaded edges was fixed. 
Figure 12 is a comparison from the same series of tests on Specimen HY-80 
(E=30600 ksi and Sy=89.1 ksi) with A= 0.3636 and B = 2.345 (a/t=51 ). Both of 
the loaded edges were simply supported (or close to simply supported) and the 
agreement is much better. 
Figures 13, 14, and 15 are comparisons with tests conducted on plates of 
aspect ratio A= 0•875 and slenderness ratio B = 1.55 (a/t=55), 1.81 (a/t=64), 
and 2.26 (a/t=80), respectively [32]. The tests were conducted on unwelded 
(low or zero residual stresses), almost perfectly flat plates (very small or 
zero initial imperfections). Therefore, the test results are higher than the 
predicted vaiues which are based on preset typical values of initial imperfec-
tions and residual stresses. These figures also show that as the slenderness 
of the plate increases, the difference between the flat test plate and the 
analytical plate with initial imperfections decreases. This tendency agrees 
very well with a number of theoretical predictions about the effect of initial 
imperfections on the load-shortening behavior of wide plates [17, 28]. 
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The above sample comparisons illustrate the conclusion that the analyti-
cal plate model given by the proposed procedure for determining the load-
shortening curves gives accurate results for plates with average residual 
stresses and initial imperfections. 
6.2 Stiffened Plates 
There is only a small number of tests conducted on stiffened plates. For 
example, the dimensions and material properties used in the example of 
Section 5.2 are those of Specimen T-1 of the series of tests conducted at 
Lehigh University [25]. The test points for this specimen are shown in 
Fig. 10 together with the s-e curve computed according to the proposed 
analytical model. The stresses, including the ultimate stress agree quite 
well, but the test specimen exhibits somewhat greater stiffness (smaller e for 
the same s). This is apparently due to smaller initial imperfections than the 
imperfections preset in the analytical model. 
Comparisons between the stress-strain curves computed by the proposed 
method and the curves obtained from some other tests are shown in Figs. 16, 
17, 18 [25] and 19 [22]. Figures 16, 17 and 18 show the comparison of the 
proposed procedure with the test results for three geometrically identical 
specimens: Specimen T-7 (as fabricated), T-8 (annealed after fabrication), and 
T-9 (components annea~ed then welded) [25]. The measured compressive residual 
stress for Specimens T-7 and T-9 was approximately 0.1 SY, that is, smaller 
than the value of 0.2 Sy assumed in the proposed method. This is part of the 
reason that the test results exhibit higher ultimate stresses than the 
proposed method. It can be seen that there is a closer agreement between the 
predicted values (proposed method) and the test results for Specimens T-7 and 
T-9 which had residual stresses (Figs. 16 and 18) than for Specimen T-8 which 
was annealed and thus had essentially no residual stresses (Fj_g. 17). 
Figure .19 shows the comparison for Specimen ?-!-1 tested by Kmiecik [22 J. 
This specimen exhibits a more rigid stress-strain curve in the initial stages 
partly due to smaller initial imperfection of the stiffened panel 
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(v/ 0 s=0.0011a) than the assumed value of 0.0015a used in the proposed method. 
~owever, the ultimate capacity differs very little from the prediction. 
It has been found that in general the laboratory test specimens have 
smaller values of initial imperfections and residual stresses than the values 
assumed in the proposed method on the basis of measurements on actual ship 
structures [9, 44]. It is expected, therefore, that the proposed procedure 
gives satisfactory load-shortening curves for stiffened plates with typical 
initial imperfections and residual stresses. 
6.3 Comparison with All Input Data 
A statistical comparison of·the results from the models with all the data 
which were used in their development (1059 data points for plates and 2115. 
data points for stiffened plates) showed that, in spite of the relative 
simplicity of the proposed coordinate functions, the standard deviation was 
** 8.1% for plates and 7.8% for stiffened plates. This result gives confidence 
to the reliability of the proposed models for practical application • 
** Further improvement of the accuracy is readily possible as more data be-
come available and are incorporated into the models. 
29 
480.6 
7. SUMMARY, ·coNCLUSIONS AND RECOMMENDATIONS 
7.1 Summary 
The proposed method provides analytical models (algorithms) for deter-
minining the complete load-shortening curves (including the post-buckling and 
post-ultimate ranges) of plates and stiffened plates with various geometrical 
configurations and material properties. The ranges of geometrical parameters 
are typical for ship structure components. The models are sufficiently short 
to be used on programmable calculators (or even manually) and can be readily 
incorporated as subroutines into computer programs for ultimate moment 
analysis of ship hull girders. Thus, the method is much simpler than the com-
puter programs such as [38, 7, 28, 42]. 
Some of the parameters, such as, boundary conditions, initial imperfec-
tions and residual stresses were set approximately equal to the average con-
ditions commonly encountered in actual ship structures since these parameters 
cannot be controlled by a practicing designer. However, the effect of the as-
sumptions made for these parameters on the load-shortening behavior is briefly 
discussed so that approximate adjustments can be made for the analysis of 
other geometrical configurations and material properties. 
Multi-variable regression analysis was employed in developing the models. 
The data base consisted of the experimental and theoretical results available 
in literature and of the data specifically generated for this study be using 
large computer programs, particularly, for the stiffened plates. 
7.2 Conclusions 
The following main conclusions can be drawn with respect to the proposed . , 
analytical models: 
1. The models proposed for defining the load-shortening curves of plates 
and stiffened plates. give satisfactory results for design purposes 
within the practical range of parameters given in Sections 2.4 and 3.3. 
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2. The models are simple in application and are suitable for incorporation 
into existing computer programs for hull strength analysis. 
3. The proposed stiffened plate model can be used for the determination of 
the axial load-shortening behavior of grillages when the transverse 
stiffeners are adequately strong to prevent the overall grillage mode of 
failure. 
7.3 Recommendations for Future Work 
The studies conducted in the course of developing the proposed analytical 
models show that these models can be improved further and that there is a need 
for work on grillages and on the tripping mode of failure of longitudinals. 
1. Analytical models for plates and stiffened plates can be readily im-
proved by increasing the data base as more results become available from 
experimental and/or theoretical work. 
2. Since the stiffened plate model represents only one mode of failure of 
grillages (plates with longitudinal and transverse stiffeners), an 
analytical model should be developed for the grillages failing in the 
overall grillage mode (longitudinal and transverse stiffeners failing 
together). 
3. As a corollary to the development of an analytical model for grillages, 
definitive criteria should be established for sizing the transverse 
stiffeners so that only the interpanel (stiffened plate) mode of failure 
would be possible. Experimental and theoretical work is needed in order 
to achieve_ these two objectives. 
4. In the formulations carried out it was implicitly assumed that the lon-
gitudinals would have adequate torsional resistance in order not to. fail 
in the tripping mode. Research is needed to establish accurate criteria 
for preventing this mode since current recommendations are often con-
tradictory and have essentially no experimental verification. 
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Appendix A. MULTI-VARIABLE REGRESSION ANALYSIS 
A.1 Least Squares Regression Analysis 1or One Variable 
Multi-variable regression analysis used here for developing the analyti-
cal models for plates and stiffened plates is based on the standard method of 
least squares which is briefly reviewed here in order to establish a basis for 
discussing the procedures used in this study. 
Given a set of values as functions Hj of an independ~nt variable x, it is 
desirable to establish a continuous analytical function H of the independent 
variable in such a way that the discrepancy between the given values and the 
analytical values be the smalle~t possible. 
sumed to be in the form of a series • 
The continuous function is as-
( 9.1 ) 
where ci are numerical coefficients, fi(x) are the selected functions of the 
independent variable x and m is the number of terms in the series. By min-
imizing the error between the given and analytical values of the function, the 
values of coefficients ci can be determined as follows. 
The error at a particular j-th point (i.e., x=xj) is 
H. (9.2) 
J 
The sum of all squared errors is given by 
n n 
Er C 2 E - 2 (9.3) = e. = (H. - H ·) j=1 J j=1 J J 
where Hj is the approximation of the function per Eq.(9.1) at the j-th point 
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(that is for. x=xj), Hj is the actual value of the function at this point and n 
is the total number of the given discrete points. 
The error is minimized by taking derivatives with respect to coefficients 
ci and setting these derivatives equal to zero. 
or 
t_ 
j=1 
(H.-H.)f .. =Q J J J1 
i=1 ,m (9.4) 
(9.5) 
where fji is the individual function for the i-th coefficient at the j-th 
point. The resulting m simultaneous linear equations [Eq.(9.5)] can then be 
solved for them unknown coefficients ci. 
In matrix formulation, the analytical approximation for the given set of 
points is expressed by 
U(n,m) C(m,1) = H(n,1) (9.6) 
where U = [fji] is a rectangular matrix each row of which contains the values 
of the individual functions of the series for ~ particular point, that is, for 
a particular value of the independent variable; C = {ci} is the column matrix 
(vector) of the unknown coefficients; and H = {Hi} is the column matrix of the 
approximations of the function values Hi according to Eq.(9.1 ). Thus, the 
column matrix of all the errors becomes 
e= {e.}"= H J H = UC - H 
The sum of the squared errors [Eq.(9.3)] is then given by 
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(9.8) 
or 
(9.9) 
(9.10) 
The derivative of Er with respect to vector {ci}, set equal to a zero column 
matrix, becomes 
~9.11) 
Furthermore, since [UTU]C = cT[uTu], Eq.(9.11) is simplified to 
which is equivalent to Eq.(9.5). In a more compact form, Eq.(9.12) is given 
by 
v!c} = Q (9.13) 
where 
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and (9.14) 
The unknown coefficients { ci} can then be found by solving the simultaneous 
linear equations of Eq.(9.13), and the final analytical approximation is given 
by Eq.(9.1) which is repeated here in a slightly different form 
H (9.15) 
A.2 Coordinate Functions for Multi-Variable Regression 
When there are more independent variables than one, it is often advan-
tageous (as is the case in this study) to establish the effect of just one 
variable (say, the k-th variable) while all other variables are kept constant. 
The assembly of the hkj terms of the series for this k-th variable is called 
the coordinate function Fk and the individual terms are selected to make a 
close approximation of this function to the given data points for various sets 
of the other variables. The aim of this step is to have as few terms as pos-
sible for an acceptable fit. The thus established coordinate function Fk for 
the k-th variable will contain mk terms. 
(9.16) 
With a coordinate fuiJ.ction established for each variable, the terms of the 
final series shown in Eqs. (9.15) and (9.16) will contain a series of products 
of the terms of the individual coordinate functions. 
(9.17) 
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This way, a change in the coordinate function of a particular variable will 
not affect the coordinate functions of the other variables. The solution of 
the simultaneous linear equations remains the same as given by Eq.(9.13). 
An illustration of obtaining Eq.(9.17) for the case of two variables, x1 
and x2 is shown next. Assuming the coordinate functions have, say, m1=2 and 
m2=3 terms, respectively, they are, 
(9.18) 
(9.19) 
The expanded function Fx becomes a matrix containing the products of the 
terms of these individual coordinate functions with the total number of terms 
m = 2 x 3 = 6. 
X 2 
1 x 2x 3] 1 2 (9.20) 
If there is also a third variable with, say, m3=2, then the number of 
terms in the Fx function will be 
( 9.21 ) 
For a discrete point, the expanded function of Eq.(9.20) gives one row of 
matrix U of Eq.(9.6). The number of rows of U, n, must be at least equal to 
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the number of columns, m, in order to have a solution of Eq.(9.13) for the un-
kno~~ coefficients C = lei}. 
A.3 Reduction of Coefficient Matrix C 
If, after the solution for coefficients { ci} is obtained for a multi-
variable problem of Eq.(9.17), it becomes desirable to fix the value of the j-
th variable, the n~ber of terms of the expanded function will be reduced from 
m to 
m' = m/m. 
J 
(9.22) 
where m. is the number of terms of the coordinate function for the variable 
J 
whose value is preset. 
If, for· example, the {ci} coefficients found for the expanded function of 
Eq.(9.20) are to be reduced by presetting the second variable x2 , its coor-
dinate function being given by Eq.(9.19), the reduced coefficients for the 
remaining variable x1 and for its coordinate function of Eq.(9.18) become: 
• 
c1 
c' = = (9 .23) 
' c2 
The final solution, as a function of x1 , is then: 
(9.24) 
~~en there are more variables, the reduction of the general coefficient matrix 
lei} for some preset variables is accomplished one-by-one in a similar manner 
and in any order. 
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The orocedure described above has been found to be very efficient in 
studying the effects of individual variables and of the composition of their 
coordinate functions, on the accuracy of the function approximation. 
Another application of the reduction concept is for the actual use of the 
final coefficients when the approximated function is to be given in terms of a 
single variable (in this study, the stress as a function of the strain) while 
all other variables are kept constant (for plates, the aspect and slenderness 
ratios). For example, if the expanded function Fx is a direct product of 
coordinate functions FA, FB and Fe 
(9.25) 
and the approximation function is 
H = cTpT (9.26) 
X 
then H can be given as a function of Fe only. For this, the direct product of 
FA and FB is precomputed 
(9.27) 
and the {c} column matrix is rearranged into a rectangular matrix [c'] 
analogous to the C' matrix in Eq.(9.23). Then, 
For example, in Chapter 2, [c'] = [c ] from Eq.(2.16) and 
. P. 
FAB = [1/B A/B A2/B 1/~ A/B2 (A/B) 2] from Eq.(2.15), where A is the aspect 
ratio and B is the slenderness ratio. 
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A.4 Computer-Programs 
Two computer programs were written to perform the regression operations 
described above: multi-variable regression and reduction of the coefficient 
matrix. 
The multi-variable regression analysis program incorporates a separate 
subroutine for generating the terms of the coordinate function for each vari-
able. Thus, if it becomes necessary, the coordinate function for a particular 
variable can be readily changed simply by replacing the subroutine. 
Furthermore, it should be noted that each element of matrices V = uTu and 
Q = UTH in VC = Q [Eq.(9.13)] can be computed from 
n 
v .. = Eukiukj 
. ~J 
k=1 
(9.29) 
and 
n 
Qi = CukiHi (9. 30) 
k=1 
This means that only one row of matrix B needs to be generated at a time, and 
matrices Q and V can be computed cummulatively. Thus, only one set of· data 
has to be read at a time with the resultant reduction of storage requirements. 
Also, since matrix V = UTU is square and symmetrical, only the upper tri-
angular portion of V needs to be generated and stored before the solution of 
VC = Q for C is performed. 
The program for the reduction of the coefficient matrix was employed when 
it was necessary to modify the C-constants by setting one or more variables to 
·be constant. In the present st~dy, initial imperfection and residual stresses 
were set to be of specific values typical for ship structures (see Chapters 2 
and 3). 
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Appendix B. NOMENCLATURE 
A 
a 
B 
b 
b~ 
~ 
c 
c' 
D 
d. 
~ 
Aspect ratio = a/b 
Areas of flange and web of the stiffener 
Length of plate or of stiffened plate 
Stress coefficient for variable aspect ratio (in plates) 
Stress coefficient for variable plate slenderness ratio (in stif-
fened plates) 
Slenderness ratio of plate 
Width of plate (length of the loaded edge of the plate) 
Stress coefficient for variable plate slenderness ratio (in plates) 
Stress coefficient for variable slenderness ratio of stiffened plate 
Width of flange and web of the stiffener 
Vector of coefficients 
Matrix of coefficients 
The i-th component of vector of coefficients 
The i-th component of the vector of reduced coefficients 
Matrix of constants for plates 
Matrix of constants for stiffened plates 
Vector of coefficients for variable strain 
Stress coefficient . for variable relative strain (plates and stif-
fened plates) 
Stress constant for linear range of stress-strain behavior of plates 
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E 
e 
f .. J.J· 
G 
H 
H 
h .. l.J 
L 
m 
m' 
n 
p 
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Modulus of elasticity 
Sum of squared errors 
Modulus of elasticity of flange and web of the stiffener 
Relative strain =C/Cy 
Error at point i 
Limit of relative strain below which the stress-strain relationship 
is linear 
Coordinate function of variable x 
Element of coordinate function (individual function) 
Individual function for the j-th coefficient (term) at the i-th 
point 
Ratio of the area of the flange to the area of the total stiffener 
Matrix of exact values of the function 
Matrix of approximate values of the function 
Individual coordinate function for the j-th term of the i-th vari-
able 
Slenderness ratio of stiffened plate 
Number of terms in combined coordinate function 
Number of terms in the coordinate function for the i-th variable 
Number of terms in the reduced coordinate function 
Width ratio of residual stress such that nt is the width of the ten-
si1e residual stress at the edge of the plate 
Total axial force 
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PY Axial force which causes full yielding of the cross section 
R Ratio of the area of the stiffener to the area of the plate 
r Radius of gyration of the stiffened plate (gross section of plate 
and stiffener) about its centroidal axis which is parallel to the 
plate 
S Stress 
Sr Residual stress 
Src Compressive residual stress 
Srt Tensile residual stress 
S' Nondimensionalized residual stress variable r 
Sy Yield stress of plate 
Syf'Syw Yield stress of flange and web of the stiffener 
s Relative stress 
t Plate thickness 
tf,tw Thickness of flange and web of the stiffener 
U Matrix of values of component functions at given points 
V = UTU (a symmetrical matrix) 
W0 Maximum initial deformation of plate 
W0 s Maximum initial deformation of stiffened plate 
w0 Nondimensionalized initial imperfection of plate= W0/t 
Nondimensionalized initial imperfection of stiffened plate 
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C Average strain 
fy Yield strain of plate 
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